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Abstract

Spectral domain analysis O calculate the fransmission characieristics of low-Ty as well as
high-T¢ sup@xc@ﬂdm&mg microswip lines has been carried out. In this analysis the
sup@xc@ndgcﬁng filgn, which is thin compared to 1S penctration depth, is modeled by an
im ce boundary condigon. The complei conductivity of (e superconducior is described
by two models : Ma@ﬁs%af&@@m equatons based on e BCS theory and the qwo-fluid model. It
has been found that ihe numerical results based on these TWO models are comparable if an
established relationship between them has been used. Numerical resulis for the propaganion
constant have been obtained and compared 0 available experimental data for a low-T¢
supem@ndm:ﬁng microstrip line, and to analytical resulis for wpmg@ndw@mg parallel-plate

waveguides.
i Introduction

New microwave and mijlimeter Wave integrated clrcuits and components having low loss
and low dispersion can be designed using high-Te (Te > 71K) wgwmm@a@ﬁiﬂg thin films {1].
‘The rapid advances in the processing of the superconducting thin films and substrate materials
have made the pmc&i@ai'malmﬁx@n of these circuits beCamc possible. To design superconductng
microwave elements, such as Tesonators, filters, and couplers, & knowledge of the transmission
characteristics of a wp@m@mdumiﬁg ransmission 1ine is required. The m'angmission of
piceses@nd pulses in 2 Jow-Te (T < 18K sup@m@m@u@ﬁng coplanar suip line was examined
using a closed-form expression for the effective permitivity and BCS modelling for the
complex conductivity [2}. Sudy based on the BCS theory © evaluzie the pmpagaﬁen constant
of a high-T¢ gup@fcmdu@@mg microstrip line and the spbstrate effects has been reported [3].
The phcmmm@%ogi&;:al equivalence method [4] in CORjURCTION with the two-fluid model has
been used to swdy the effect of losses in the propagation of pulses On high-Tg supem@nducﬁng
microstrip line [5). A flexible approach which combines the swo-dimensional spectral domain
technique and impedance boundary condition has been used 1o analyze microstrip lines with
thin lossy conducting swrips-. This technique aloug with the two-fluid model of the complex
conductivity has been applied tO calculate the fransmission characteristics of low-T¢
Liupcsconduc@ng microstrip lines 6} , (73 sj



aracterized by critical temperature Ty = 00°K and a
Superconducting cnergy gap at T = @gﬁi{ given by 200) = 4.5 K Te=35mey. [3]. The
calculations have been carried oug using both of M&tﬁs«B@d@m €quations based on the BCS
theory and the two-fluid mode) [8]. Numerica] results for the low-T,, Superconducting

Zs == (@%ﬁ)a@ coth [ @@%&B@)”ﬁ @E eeeeeeeeeeeeeeeeeeeeeee {i)
& .

where © is the conductivity, and for 4 normal conducior is g real constant, For g
Superconducior, ¢ is g complex Quantity and is a function of frequency and temperature. Thus
the complex conductivity of a Superconductor is given by (8]

Penetration depth, equation (1) reduces 1o -

s~ 3)
Z Gt (01 - jo,) ¢

Henice, the Superconducting thin film can be wreated in the electromagnetic field problems
as an impedance sheet with a uniform surface impedance, Zs.

‘ A, = gm@g«f g veoconatasessmnaesnnn, (4)
L ﬁM@:@Xﬁ (@} ." J
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An accurate algorithm to numerically perform the integration in equations (AS5) and (A6)
has been built. The established program has been checked by comparing the obtained results to
those available in the literature [3] for the high-T¢ YBCO superconductor. As it is shown in
Fig. 3 there is agreement between the two theories in the calculation of the imaginary part of the
complex conductivity while this agreement is not present for the real pari. However, since
09 >> G, in the practical range of operation (T < Teand f << fgap)g this disagreement does not
affect on the accuracy of the solution. Hence, the two-fluid model adequately predicts the
behaviour of the low-T¢ as well as high-T¢; superconductors as long as A, A(0) and oy, satisfy
equation (4).

111, Formulation

Fig.1 shows a cross-sectional view of a superconducting microstrip line which is
assumed to have an electromagnetic wave propagating in the positive 3 direction with a
complex p’fopaga:ion constant . The numerical results of the superconducting microstrip line
will be compared to those obtained for a wide superconducting parallel-plate waveguide [11].
Therefore a very large value of the width - to - height ratio, W/d, of the microstrip line is
assumed. Under this assumption and to simplify the solution a serfectly conducting ground
plane, which is treated as an image plane, is assumed at the plane y = 0. Thus the original
microstrip structure is reduced to that shown in Fig. 2 which can be numerically implemented.
The propagation constant calculated using this structure has the same value as that of the
original structure, but the characteristic impedance differs by a factor of two.

Now, a hybrid-mode analysis based on the speciral domain technique (12] may be
applied to derive the complex eigenvalue equation. Following this technique, the field
components are expressed in terms of E’y (0t » y) and Hy (@t , y) which are the Fourier
transforms in the x-direction of the y-field components, Ey (x,y) and Hy (x,y). In these
expressions &y is the discrete ransform variable which can be defined for the dominant mode
by ‘

on = (2n+ 1)%9 n=0,%l,32,%3,... reveeennrnasnenesenes (5)

where b is the distance between two assumed perfect electric walls atx =& b/g as shown in Fig.
2. This assumption, where b is several times higher than w, makes the infinite Fourier
transform in the x-direction discrete transform. Making use of a coordinate rransformation, the

(x,y,2z)into (v, y, u) coordinates, where v is adjusted to the direction of propatgation and y
and u are transverse o it, two types of fields will be present. These are TM-to-y Ey . Ey,Hy
and TE-to-y (Hy , By , ) fields. Expression: for the wave admittances in the y-direction for
the two fields can be derived and are given by [12]

L .
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where, v, = + af + B2 - k2 g;is the complex propagation constant in the y-direction in the i ib
region. The relations between the surface current density components in the (u,v) coordinates,
Tsy (O, 9/2) and Ty (ap , ), and the tangential electric fields at the dielectric-air interface,
Ey (0 , 9%) and B, (o0, d/,), may be obtained by applying the boundary conditions at the
plane y = 4/, for the two fields, TM-to-y and TE-to-y. The boundary conditions to be satisfied
on the surface of the superconducting thin film are given by [7]

Yx@E-Ed=0 (7a)
§x<ﬁ+-ﬁ->:=z§§x<§xg+y: IS . e, (7b)
where the plus and minus sign superscripts refer to field components above and below the

sheet, § is the unit normal vecior, Zg is the uniform surface impedance of the impedance sheet
and Jg is surface current density on the sheet. After applying these boundary conditions we get

Eoow=[Z"(w)-ZI T () (8a)
Eaom)=[7"0n) - ZJI T, () e, (8b)
where, .
1
7 (ap) = '%Y";?’ » ¥° = Yrm1 + Yy coth v,d creesumnsesrrenesnnenas (9a)
i
Zh ((xn) = ‘%’H . i}h == YTEl + YTEZ coth ‘de -anooce-:va”ont .......... (gb)

Equations (8) may be transformed to the original (x,z) coordinates to give the following
equations -

[NZ Z° () + NG Z" (0n) - Zs] Tox (0m) + NaNg [ - Z° (@) + 2 ()] Ty () = i (o)

..................... - (10a)
NNy [ - Z° (@) + Z" (0] Tox (0) + INF Z° (o) + N2 20 () - Z,] Vg () = B ()
..................... (10b)

where, Nx=an/‘V@%+ﬁ2 s Ng =B/ Va%+§2 .

These equations relate the surface current densities to the tangential electxic fields at the
plane y = d/Z “in the (x,z) coordinate system. Applying Galerkin's method in the spectral
domain [13] to these equations leads to the following eigenvalue equation in the complex form :

FB) =0 s (11)

In the application of Galerkin's method the surface current densities are expanded in
Efrms of known basis functions as given below, in the space domain, |
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S 8 i (), T8 ()= 3 b Jgm (X) ,  seeeueeeesnenereeneeees (12)

: m=1 m=0
where ay, and by, are unknown coefficients. The basis functions which have been used here are
similar to those used in [6], and are given by

jsg (x) =

{ T () , Jgm (%) } = {sin, cos} Qmwx / w) | Woex<W
I w e (13)
- ={0,0) otherwise

The complex propagation constant, B , may be obtained by solving the complex equation
(11). We have built a computer program based on Muller's method for searching the complex
yoot of this equation. In this method information about the starting values to start the iterative
process is required. However, for this purpose and for quick prediction closed-form
expressions for a superconducting parallel-plate iransmission line may be used. These
expressions are given by [11]

Im () = @ (e [1 +%;cgm (%M%com (%2}) T2 e (14a)

(@A) P2 €3 Oy
2d Mm (B

Re (B) = [ coth (%} + coth (%)E .................... (14b)

where t; and & are the thicknesses of the superconducting films.

- 1V. Numerical Resuits

Preliminary computations have been carried out to study the convergence of the numerical
solution of equation (11) with respect to the number of spectral terms and basis functions. The
computations have been carried out on NBN superconducting microstrip line which has NBN|
ground plane of thickness 150 A, NBN sm? of thickness 140 A and width 25 pm, and silicon
dielectric of thickness 450 A The quantity b/w is 4.0. This structure has been chosen to
compare the computed results with available experimental measurements [6]. Fig. 4 shows the
relative error of the propagation constant (from a reference value : M = N = 5, NS = 5) with
respect to the number of the speciral terms at four different values of the expansion of the basis
functions (f =1 Ghz, T = éfK)o As it is shown in the figure, two terms of the expansion of the
basis functions and 300 spectral terms are sufficient for very accurate results.

Figs. 5 and 6 show the atenuaton and the normalized phase constant (B/k.), respectively,
at 1 GHz as a function of the lemperature for the same structure. Also, shown on the same
figures results obtaind by equatios (14) at 1GHz for the NBN superconducting parallel-plate
line for the sake of comparison. From Fig. 6 it may be noted that there is a good agreement,

L
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{ better than that obained in [6], between our computed results and the experimental results. |
Also, from these figures it is clear that the parallel-plate model gives reasonable accuracy for the
phase constant but for the attenuation it is not satisfactory.

To compare the low-T¢ superconducting microstrip line to that using high-T¢
superconductor, again the above structuse is considered. Only the NBN superconductor is
replaced by the YBCO supperconductor (A, = 0.14 yum, op = 0.5 x 106 (Q.m)"1 [4]). The
aitenuation and the normalized phase é@nsmm for this structure are shown in Fig. 7 at 1 and 10
GHz. Also, shown on the same figures results for the parallel-plate case at 1 and 10 GHz. As it
is clear in Fig. 7 (a) the attenuation strongly depends on the frequency. In the same time the
dispersionless behaviour of the superconducting line can be observed in Fig. 7(b) where the
curves at 10 GHz overlaped with that of 1 GHz, Finally, we can notice from Figs. 5 and 7(a)
that the high-T, superconducting microstrip line is less attenuation than the low-T¢ microstrip
line.

V. Conclusion

Full wave analysis to derive the propagation constant of a superconducting microstrip line
has been presented. The analysis is valid for both the E@W-TQ and high-Tg sgpcrconductors.
The complex conductivity of the superconductor has been calculated using the two-fluid model
and Mattis-Bardeen theory. Numerical resuls for the attenuation and the phase shift constant in
both of the low-T and high-T¢ superconducting microstrip lines have been computed and
presented. Comparison between the computed results and experimental data for the low-T
superconducting microstrip line showed very good agreement. The computed resuts have also
been compared with those of the parallel-plate waveguide and good agreement has been
obtained in the case of the phase shift constant. The high-T, superconducting microstrip line
has shown less attenuation than that of the low-Tg.

Appendix

The complex conductvity of a superconductor is written as

G = @'1 - j@z .................... (AI)
In the two-fluid model, o, and O, are given by [8]
Ty T4 '
o =G (A2)
and, - ,
Be = T e (A3)
SO VERE Y}
Ao

where, A= m ,,,,,,,,,,,,,,,,,,,, (Ad)
1 - (-
L Te J
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where Oy, is the normal conductivity near the critical temperature, Te, and As is the zero
fernperature penetration depth. Using the BCS theory, Mattis and Bardeen [ 14] have derived the
following expressions for Oy and Oy

L=

oL . | [F®)-FE+50)] ﬁz«%&%m . (AS)
n 2 2
(&2 - AH'2 [ (E + ho) -A*)?
RV
1| ' ok - B2 - A%
+ [1-2F (iw-E)] — dE
ho | E2- 6h)V [l - B - 47172
ph
oy .1 § 1 - 2F I v S J— A6
Cn ho | E 2 (E’%‘E@)E (&2=Eﬁ)wzg@%ﬁ@)z‘”&23§[§ dE (A6)
J &b, -5

where, F(E) =[1+exp E/KDI is the Fermi function, and & = A(T) is the energy gap
parameter which may be related to that at zero temperagure by the following formula [9]

B . foos [E P A7
R @@Sﬁz(ﬂ%)la . (AT

The second integral of Oy is zero when ho < 24 (or for frequencies below fgap)» The
lower limit on the integral for @, beomes - A when'ho > 24,
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